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CHAPTER 5 ¢ INTEGRATION

When the integrand has the form
flax + b), the substitution u = ax + b
is often effective.

SOLUTION

a. Let the new variable be u = x + 3 and then du = dx. Because we have changed
the variable of integration from x to u, the limits of integration must also be expressed

in terms of u. In this case,

3 Lower limit

x = Qimpliesu = 0 + 3
x = 2impliesu = 2 + 3 =35 Upper limit

The entire integration is carried out as follows:

2 5
f—*-dx = /u“3du
o (x+ 3)3 3

Substitute u = x + 3,du = dx.

Fundamental Theorem

= _% (5—2 — 3“2) = % Simplify.

b. Notice that a multiple of the derivative of the denominator appears in the numerator;
therefore, we letu = x> + 1. Thendu = 2xdx,or xdx = 3 du Changing limits
of integration,

0+1=1 Lower limit
2+ 1 =17 Upper limit

x = Oimplies u

Il

x = 4implies u

Changing variables, we have

4 2 1 17
/——dx:—f u ldu
0x2+1 2 /i

17

Substitute # = x> + 1,du = 2x dx.

Fundamental Theorem

= %(m |ue]) 1

= %(ln 17 — In1)  Simplify.
1
=5 nli = 1417. In1 =0

¢. Let u = sin x, which implies that du = cos x dx. The lower limit of integration
becomes 1 = 0 and the upper limit becomes # = 1. Changing variables, we have

1

wf2
/ sin*xcosxdx = /u“du
0 0
- (%)
D

The Substitution Rule enables us to find two standard integrals that appear freq'u.eﬂtlx
practice, f sin? x dx and f cos? x dx. These integrals are handled using the identities

u =sinx,du = cosx dx

= —, Fundamental Theorem

(1} 4
Related Exercises 35448

1 — cos2x 3 1 + cos2x
—— and cosTx =—_ .

Lo R
simn~x = 2 )

EXAMPLE 6 Integral of cos* @ Evaluate foﬂ’l 2cos? 0 do.
SOLUTION Working with the indefinite integral first, we use the identity for cos” 0 "

/00529d9=/1+;0826 fdf)—*- /cos?,&df?

See Exercise 86 for a generalization of
Example 6. Trigonometric integrals
involving powers of sin x and cos x are
explored in greater detail in Section 7.2.

Y y=22x+1)

Area of R

2
= j 22x + 1)dx
L 5l
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The change of variables u = 26 is now used for the second integral, and we have

]coszﬂdﬁ /d9+ /cosZGdG
2fd9 +§-5fcosudu u=20,du = 2d0

0 1 .
=v+zsm29+C.

]1

) Evaluate integrals; u = 20.
Using the Fundamental Theorem of Calculus, the value of the definite integral is
/2 w2
f cos’0do = (Q § 2 29)
0 2 4 0

T 1 1 . T
(4 4 sin 77) (O 2 sin 0) i

Related Exercises 45-50 <

Geometry of Substitution

The Substitution Rule may be interpreted graphically. To keep
matters simple, consider the integral fo 2(2x + 1) dx. The graph
of the integrand y = 2(2x + 1) on the interval [0,2] is shown
in Figure 5.57, along with the region R whose area is given by
- the integral. The change of variables u = 2x + 1,du = 2 dx,
/ e u(0) = 1, and u(2) = 5 leads to the new integral
Area of R’

e 5 2 5
| =[udn /2(2x+1)dx= /udu.
1 0 1

@re*l of R = Atea of Rj
FIGURE 5.57

SECTION 5.5 EXERCISES
:ieﬁew Questions

2
Variables.
3

~ ®%plain yoyr choice,

Using a chap

On which derivative rule is the Substitution Rule based?

Explain why the Substitution Rule is referred to as a change of

The ¢
m‘:mposue function f(g(x)) consists of an inner function g 3
outer function f. When doing a change of variables, which
ion is often a likely choice for a new variable 1?

as ¥ . "
5 uitable substitution for evaluating f tan x sec® x dx, and

ge of variables u = g(x) to evaluate the defi- 9 JS(¥) = (x + 1)"
8(x))g’(x) dx, how are the limits of integration

> Figure 5.57 also shows the graph of the new integrand y = u on
the interval [1, 5] and the region R’ whose area is given by the new
integral. You can check that the areas of R and R’ are equal. An
analogous interpretation may be given to more complicated inte-
grands and substitutions.

QUICK CHECK 3 Changes of variables occur frequently in mathematics, For example,

suppose you want to solve the equation x* — 13x> + 36 = 0. If you use the substitution

u = x*, what is the new equation that must be solved for #? What are the roots of the

original equation?

6. If the change of variables u = x> — 4 is used to evaluate
the definite integral f; Sf(x) dx, what are the new limits of
integration?

7. Find fcoszxd;c.

What identity is needed to find [ 'sin’ x dx?

Basic Skills

9-12. Trial and error Find an antiderivative of the following
Sunctions by trial and error. Check your answer by differentiation.

10. f( ) 3»+1

11. f(x) = V2x + 1 12. f(x) = cos(2x + 5)
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5.5 Substitution Rule 365
13-16. Substitution given Use the given substitution to find the 2/5 3 e he graph of f(0) = cos 8 sin @ and the Additional Exercises
292 2 6. The region bounded by the graph o ;
‘ Jollowing indefinite integrals. Check your answer by differentiation. 43. / _ﬂz_ 44, f v+l dv p - ietween 9=0andd = m/2 74. Looking ahead Integrals of tan x and cot x
B | 2/(5V3) x\V/25x% — 1 0 VY + 30+ 4 . = e a. Use a change of variables to show that
| i kA / B s a1 45-50. Integrals with sin? 2 , §7. The region bounded by the graph of f(x) = (x — 4)" and the
(% 45-50. ntegrals with sin”x and cos® x Evaluate the following : y-axis between x = 2 and x = 6 tanxdx = —In [cos x| + C = In |sec x| + C.
| % | integrals.
' 14. 8xcos (4x% + 3) dx, u = 4x> + 3 5
A f ( iR = M w 68. The region bounded by the graph of f(x) = —‘xz—_; and the b. Show that
' 45, cos® x d : in2 N v ’y ' :
' 15. fsin3xcosxdx, u = sinx [w e 45 fsm xdx | y-axis between x = dand x = 5 fcotxdx In [sinx| + C
. L e
/4 69. Morphing parabolas The family of parabolas y = (.l/ct)_ tx_ /e 75. Looking ahead Integrals of sec x and csc x
16. f (6x + DV3x2 + xdx, u =32 + x 47, / sin2(6 + E) do 48, f contido where @ > 0, has the Prol')erty that for x = 0, Lhe ﬁ-lntelcz?ﬂn; e
& 0 ) efnd ;hef;*-ltntel't:cfpt ltsb(o, 1({:(1) i;;i;:szz‘ab‘i):aig;efhe sec x + tan x; then use a change of variables to show that
7-28. Indefinite i ; : ; region in the first quadrant boun © parabo _
flo,l[o :m ni”c; ;}:,l:;e"'ltfgr?lf UCT a /((,hange of ;anab:les .to ﬁnz{ the /4 o 5,705 x-axis. Find A(a) and determine whether it is an increasing, / secuedl ='Tn |s66 1 x| +C.
8 integrals. Check your work by differentiation. 49, = sin” 20 do 50. [ xcos® (1) dx decreasing, or constant function of a.
17. f 2x(x* — 1)®dx 18. [ xe® dx | ' T—
Further Explorations ;App!icatmns ) . i ot ditisnsion. withea veloo: ki Sl Josew ey g & €
252 (Vx + 1) 51. Explain why or why not Determine whether the following !70. .Per.mdlc m(?tlonbAn Ob_]c_ct ér:())\sze(:;} g)
B f V1 - 453 e 20. B i dx statements are tru,e and give an exglanation or counterexample. ' ity in m/s given by l’U(’ = : : 76. Equal areas The area of the shaded region under the curve
i T e R forall el gy e 0, th iti f the object is y = 2sin2x in (a) equals the area of the shaded region under the
1 'S, ! i i d in Chapter 6, the position of the o FEHL S ‘ i :
21. /(IZ + 2 (2 + 1) dx 22, /10 dx B | b. A,S Wilbe dls:m}?v( )d 1!:)” = 0. g‘md the position func- curve y = sin x in (b). Explain why this is true without computing
x — 3 1 | given by s(1) oPly) ay areas
a. [ f@)f(x)dx =2 (fx) + ¢ tion for all = 0. _ _ ; '
23. f Kt + 16)° dx 24, ] sin'’ @ cos & do | ¢. What is the period of the motion—that is, starting at. any point, 4 1\ y
b. /(f(x))"f'(x) dx = —_!_—l(f(x))"” +C,n#—1 how long does it take the object to return to that position? i
1 n . 5l 2.
et ./ & B f Psin210d i els The population of a culture of bacteria has a
V1 - 022 e c. f sin2xdx = 2 f sin x dx R pulationmdels Thepop e |
[ 5 -1 . r y=smnx
6 _ o ONE G § 2 10 rowth rate given by p'(r) = - bacteria per hour, for 1 L
27. [ (x® = 3a8)*(x* — x)dx d f( 2 4 1) (x*+1) s g (¢ +1) !
; x x=—— e
& b - { = 0, where r > 1 is a real number. -In Chaptcﬁ' 6 }t WI'”FE- ,
28. f dx (Hint: Letu = x — 2 iy ; ; shown that the increase in the population over the time interva ' > : .
x=2 e € ' (x)dx = f'(b) — £'(a) [0,1] is given by furp’(s) ds. (Note that the growth rate decreases 0 z x 0 z T ¥
a ] i
29-34. Variations on the substitution method Find the Jollowing RN TTo—— Is B ; in time, reflecting competition for space and fOOd-l) " ‘ (a) (b)
ety - Adcitionalintegrals Use a change of variables to evaluate e a. Using the population model with r = 2, what is the increase in area of the shaded region under the curve
. : Jollowing integrals. i the population over the time interval 0 = ¢ 5'4?1] . . 71 Equzzl \a&ea_s '{‘)hze AT £
29, f— dx 30. /_ Yy dy i b. Using the population model with r = 3, what is the increase in = T ) i () equals the area of the shaded region under
Lo o+ 1" 52. [ secdwtan 4w dw 33. / sec” 10x dx : the population over the time interval 0 < t = 67 ‘ ) 2Vx _ ‘ e
% e =k ¢. Let AP be the increase in the population over a fixed time the curve y = x7 in (b). Without computing areas, explain why.
e i 4 i 32. fm dx 54, /(sin5 x + 3sin’x — sin x) cos x dx , interval [0, T']. For fixed T, does AP increase or decrease ’ .
ji with the parameter »? Explain. . ¥4 i
B ‘ = i - \ ion of 35 5. ik
o f ¥V2x + 1dx 34 f (x + )V3x + 2dx f csc? x d. A lab technician measures an increase in the population o i
’ = dx 56. / (x** + 8 Vixdx bacteria over the 10-hr period [0, 10]. Estimate the value of r |
cot® x : i p e el i+
ite i ; i that best fits this data point.
?51-1-44.- Dfifimt_e 1gtegrals Use a change of variables to evaluate the a8 Sl - ey g e. Looking ahead: Work with the population model using re= 3 Ml a1y 5. l
PR e nog . : e+ 1 ¥ 4 (part (b)) and find the increase in population over the time in- ol Y= —_2\/; il |
1 5 1 5 terval [0, 7] for any T > 0. If the culture is allowed to grow K_M . l R L,
35. / 2x(4 = x*) dx 36. f z—zx—zdx 59, f 2T =i 60. Inx dx lnficﬁnitely (T"— 00), does the bacteria popl.ala'tlon increase z —=T i ol ' > TR EE .
i o (x* +1) 0 X Without bound? Or does it approach a finite limit? ” o
a
6

2. Consider the right triangle with vertices (0, 0), (0, ), and (4, 0), AT i
Where a > 0.and b > 0. Show that the average vertical distance  78-82, General results Evaluate the following s i T;: 1» e
POints on the x-axis to the hypotenuse is b/2 for all a > 0. function f is unspecified. Note f(f’) is the pth derivative of | and f? is

0! f H f,he S, it iy ivatives are t:t?nﬁnllo”s_fo."ﬂ”
V Sine ““ctlons | se a > HH 2 pth Powe’ 0 . A S[ﬂ'n@f a}?d 1S de L
b m l.age Value f graph]ng lltllltf to ver f:,- ff

2 ’; the functions f (x) = sin kx have a period of 27r/k, where real numbers.

3
/2 T/, = dx
7. . g sin x 61. / dx 62, /
3 fn sin“ @ cos 0 d@ 38. fo dx J2 Wi - 0 & +.36

cos® x

9 V3 4

" Mty 4 ) 63. /x3\/16 — x'dx 64. / (x — 1)(x* — 25}8
2 et d 40. / ———dp 0 V3 i
=1 0 V9 + p2

i = L2.3... Equivalently, the first “hump” of f(x) = sinkx 2 "o
65-68. A i i _ ; jons. 1 1 Y the first “hump i 30x) + 7FAx) + f))f'(x)dx
e reas of regions Find the area of the following region . o Onthe interval [0, 7r/k]. Verify that the average value of L () + 77+
41. f C.oix dx 42. f L 65. The region bounded by the graph of f(x) = x sin (x*) and SRISthump of £(x) = sin kx is independent of k. What is the
/4 Sin° x o cosiy x-axis between x = Qand x = Vi %

2
8¢ Value? (See Section 5.4 for average value.) 79, f (5£3(x) + TF2(x) + F))f'(x) dx,
1

where f(1) = 4, f(2) =5
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1
80. ff’(x}f”(x) dx, where f'(0) = 3and f'(1) = 2
0
81. /(f(-")(x))”f(”“)(x) dx, where p is a positive integer, n # —1

8. / 2P + 20 (NF)(x) dx

83-85. More than one way Occasionally, two different substitutions
do the job. Use both of the given substitutions to evaluate the following
integrals.

1
83. [x\/x+adx;a>0 (u=Vx+aandu = x + a)
0
1
84. /x\/’)x+adx;a>0 (u=Vx+aandu = x + a)
0

85. f sec’@tan0d0  (u = cos@andu = sec )

86. sin?ax and cos® ax integrals Use the Substitution Rule to
prove that

sin (2ax
fsinzaxdx w2 # + C and
2 4a
sin (2ax)
/coszaxdx =24 (— +C
2 4a

87. Integral of sin®x cos® x Consider the integral
I = / sin’ x cos” x dx.

a. Find I using the identity sin 2x = 2 sin x cos x.

b. Find I using the identity cos®> x = 1 — sin®x.

c. Confirm that the results in parts (a) and (b) are consistent and
compare the work involved in each method.

88. Substitution: shift Perhaps the simplest change of variables is the
shift or translation given by u = x + ¢, where ¢ is a real number.

1301 REVIEW EXERCISES |

1. Explain why or why not Determine whether the following
statements are true and give an explanation or counterexample.
Assume f and f' are continuous functions for all real numbers.
a. If A(x) = f:f(r) dt and f(t) = 2t — 3, then A is a quadratic

function.
b. Given an area function A(x) =
F of f, it follows that A'(x) =
b r
e Jo F'(x)dx = f(b) = f(a)
b
d. If [71f(x) dx = 0, then f(x) = 0 on [a,b].

e. If the average value of f on [a, b] is zero, then f(x) = 0
on [a,b].

" f(¢) dr and an antiderivative
)

a
F(x).

a. Prove that shifting a function does not change the net area 3
under the curve, in the sense that

b

b +ic
/ flx +c)dx = f(u) du.

a+t
b. Draw a picture to illustrate this change of variables in the case
that f(x) = sinx,a = 0,b = 7,¢c = 7/2.

89. Substitution: scaling Another change of variables that can be
interpreted geometrically is the scaling u = cx, where ¢ is a
real number. Prove and interpret the fact that

b 1 be
/ flex)dx == | f(u)du. i
a c ac )
Draw a picture to illustrate this change of variables in the case that i
f(x)=sinx,a=0,b=1'r,c=%. '
4.
90-93. Multiple substitutions Use two or more substitutions to find
the following integrals.
90. /x sin* (x?) cos (x?) dx
(Hint: Begin with # = x?, then use v = sinu.)
91. /____dx— (Him: Begin withu = V1 + x.)
V4 ML+ %
92. /tan10 (4x) sec? (4x) dx (Hint: Begin with u = 4x.)
7[2 "
cos 0 sin 0
93. ———————d0 (Hint: Begin with u = cos 8.)
0 Vecos’0 + 16 -8
g
| QUICK CHECK ANSWERS B .
Lu=2x*+5 2. Withu = x> + 6, wehave du = 5x%,
and x* does not appear in the integrand. 3. New equation:
w* — 13u + 36 = 0; roots: x = 4-2.:44-3
b b
£ [72f(x) = 3g(x))dx = 2 [f(x) dx + 3 [ g(x) dx :

g [f(g(x))g'(x)dx = f(g(x)) + C

2. Velocity to displacement An object travels on the x-axis withd
velocity given by v(f) = 2t + 5,for0 = < 4. i
a. How far does the object travel for 0 = ¢ = 47
b. What is the average value of v on the interval [0, 4]?
¢. True or false: The object would travel as far as in part (
traveled at its average velocity (a constant) for 0 = = :
,,

‘?de; Evaluate the defin

Area by geometry Use geometry to evaluate fn? J(x) dx, where
the graph of f is given in the figure.

— A

-3 4

Displacement by geometry Use geometry to find the displace-
ment of an object moving along a line for 0 = ¢ = 8, where the
graph of its velocity v = g(7) is given in the figure.

v

5__

ENEEE
|

3_._

|
/
|
|

i
i
i
i
3

|
2

Area by geometry Use geometry to evaluate f; V8x — x*dx
(Hint: Complete the square of 8x — 2 first).

Bagel output The manager of a bagel bakery collects the follow-
ing production rate data (in bagels per minute) at six different
times during the morning. Estimate the total number of bagels
produced between 6:00 and 7:30 a.m.

Production rate

Time of day (a.m.) (bagels/min)
6:00 45
6:15 60
6:30 i
6:45 60
7:00 50
715 40

Integration by Riemann sums Consider the integral
1 (3x — 2) 4y,

& Gi 4 !
G;\;e the right Riemann sum for the integral with n = 3.
o Summatllqn notation to write the right Riemann sum for an
Itrary positive integer n.

i ite integral by taking the limit as # — 00 of
i €mann sum in part (by),

g H
i:tit:g Riemann sums Consider the function f(x) = 3x + 4
giver:?ll-, [3.7]. Show that the midpoint Riemann sum with
€ exact area of the region bounded by the graph.
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9. Sum to integral Evaluate the following limit by identifying the
integral that it represents:

i 5] 1))

10. Area function by geometry Use geometry to find the area A(x)
that is bounded by the graph of f(r) = 21 — 4 and the r-axis
between the point (2, 0) and the variable point (x, 0), where
x = 2. Verify that A'(x) = f(x).

11-26. Evaluating integrals Evaluate the Jollowing integrals.

2
11. f (3x* — 2x + 1) dx 12. fcos 3xdx
2

1
/ (4x® — 2x'6 + 1) dx
0

2
/e4x+8dx
=2
2
X
/x3 + 27 o

2

13. f (x + 1)3dx 14.
0

15. f (9x® — 7x%) dx 16.

1
17. /\fx(\/E+ 1) dx 18.
0

1
dx
19. [___ 20, fy23y3+l4d
T ( )" dy
2 X
21. /——dx 22, fxsinfcosgxzdx
0 V25 — &?

w
23; /5111256 do 24, f (1 — cos?30) de
0

/)c2+2)cﬁ2ar - M2 g 3
2+ 3x% — 6x * TJo 1+ o
27. Symmetry properties Suppose that f04f (x)dx = 10 and

4
fﬂ g(x) dx = 20. Furthermore, suppose that f is an even function
and g is an odd function. Evaluate the following integrals.

4 4 4
a. 14f(x)dx b. [43g(x)dx c /(4f(x)*33(x))dx

-4

28. Properties of integrals The figure shows the areas of regions
bounded by the graph of f and the x-axis. Evaluate the following
integrals.

a. [f(x)dx b. /:f(x)dx e 2 ff(x)dx

d b d
d. 4f f(x)dx e 3ff(x)dx f. 2/ S(x)dx
a a b

y‘r Area = 15

Area = 20

<

a




